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Abstract 

All quantum group structures on the group GL(2) are classified. It is shown that there are only two 
such structures, the well known quatum groups GL 9P (2) and GLhh'{2)- 
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Although the group GL(2) is not a complicated one, and its dimension is not so high, it seems that 
there are still some ambiguities in the classification of the quantum group structures on GL(2). 

There are two well-known deformations of this group [1] : the two parametric Drinfcld- Jimbo deformation 
GL 9)P (2) [2], and the two parametric Jordanian deformation GL/ (j / l /(2) [3]. It has been shown [4] that these 
two parametric deformations are related to each other by a singular transformation (contraction). It has 
been proved that, up to isomorphisms, there are only two quantum group structures on GL(2) with a central 
quantum determinant, GL 9 (2) and GL^(2) [5]. Recently Kupcrshmidt has tried to classify all quantum 
group structures on the group GL(2) [6]. He has concluded that there are three different quantum group 
structures on GL(2): GL giP (2), GL^jj/(2), and the new structure GL^ g (2). Here we will show that this new 
structure is, in fact, not new: by a suitable regular transformation, it falls in one of the two well-known 
structures GL 9;P (2) or GL^^'(2), depending on the deformation parameters. So, in fact there are only two 
non-equivalent quantum group structures on GL(2). 

To begin, we introduce the quantum-plane relations of GL 9iP (2) and GL/jjj/(2). For GL g , p (2) we have 

xy = qyx, 

e = o, 



(1) 



77 2 = 0, 



And for GW (2) 

[x,y] = hy 2 , 
e = h'fr, 

( 2 ) 

ry 2 =0, 

Here x and y are the coordinates of the quantum plane, £ = dx, and r\ = dy. The relations of the new 
quantum plane introduced in rcf. [6] are 

xy = yx, 
e = KtV, 

(3) 

= -PotV- 

In fact, this is not the parametrization used in ref. [6]. We have used this parametrization for later conve- 
nience. 

As it has been noted in ref. [6], one can use a transformation to make r = 0. (Applying the transforma- 
tion changes (h' ,ro,Po) to (h',r,p).) The point is that, by a similar transformation, one can make both h' 
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and r equal to zero. So that this new structure is, in fact, the old GL ?jP (2) with q = 0. There is, however, 

one exeption: if (po — l) 2 = ^h' r , one cannot make both h' and ro equal to zero. Instead, one can make r 

equal to zero, and p equal to one. But this is GL/,^/ (2) with /i = 0. Here we present the above-mentioned 

transformations. 

I Case (po - l) 2 ^ 4/^ro. 

Using the linear transformation 



(l t 2 ) (l 



(4) 



where t,'s are the roots of the equation 

r t 2 + (1 - po)t + ftj, = 0, (5) 

one can see that 

e 2 = f = o, (6) 

and 

£^ = {h' + *2 - Po*i + roht 2 )^v, 

(7) 

^ = (^o + *i - Po*2 + r tit 2 )£r). 
Note that, (po — l) 2 7^ 4/i[,ro guarantees that t\ ^ t 2 , and this shows that the transformation (4) is nonsingu- 

lar. Also note that the coefficients of £r? in (7) cannot be both zero; otherwise, from (6) and (7), one would 

conclude that £ 2 = rj 2 = £77 = 77^ = 0. So, in this case, the structure is equivalent to GL 9= i iP (2), where 

K + h - p t 2 + r ht 2 

P = ~Ti • \°) 

h + t 2 - pah + r tit 2 

II Case (po - l) 2 = 4h' r . 

In this case, the transformation (4) is singular. So we use 

(9) 



where t satisfies (5), that is 



Now we have 



fj) (l t){t 

2r po-l K ' 

f = 0, 

We see that, in this case, the sructure is equivalent to GL^ =0 ,?i'(2) with 

(12) 

These linear transformations on the quantum plane induce similarity transformations on the quantum 
matrix. So we have concluded that there are exactly two distinct deformations of GL(2). 
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